ON L p RESOLVENT ESTIMATES FOR ELLIPTIC OPERATORS 

ON COMPACT MANIFOLDS 
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Abstract. We prove uniform LP estimates for resolvents of higher order ellip- 
tic self-adjoint differential operators on compact manifolds without boundary, 
generalizing a corresponding result of 3 in the case of Laplace- Beltrami oper- 
ators on Riemannian manifolds. In doing so, we follow the methods, developed 
in Q] very closely. We also show that spectral regions in our LP resolvent es- 
timates are optimal. 
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The purpose of this paper is to extend the result of [3], see also [I], for the 
Laplace-Beltrami operator A g on a compact Riemannian manifold (M, g) without 
boundary of dimension n > 3, to the case of higher order elliptic self-adjoint 
differential operators, and specifically to show how the methods of pQ apply in 

00 ■ this context. 

Q | In [3] it was established that given S > small, there exists a constant C = 

C(S) > such that for all u e C°°(M) and all ( G 1Z S , the following U> resolvent 

bound holds, 
O 



S 



1. Introduction and statement of results 



||U|| -2u < C\\{— A — C)U\\ _2n , (1.1) 

where 

TZ 5 = {CeC: (ImC) 2 > 45 2 (Re C + 5 2 )}. 

Notice that 1Z$ is the exterior of a parabolic region, containing the spectrum of 
— A g , see Figured! We observe that the bound (II. ip cannot hold if 1Z$ intersects 
the spectrum of — A g , as the latter is discrete. The interesting question, posed in 
[3] and subsequently studied in [I], is how close 1Z$ can come to the spectrum of 
— A g near infinity, while still having the uniform estimate ( 11. ip . 

Thanks to the work [1J, we know that the region 1Z$ is in general the maximal 
possible for the uniform estimate ( II .ip to hold. Indeed, in pQ it is shown that the 
region cannot be improved when M is the standard sphere, or more generally, a 
Zoll manifold, due to a cluster structure of the spectrum of — A g on such man- 
ifolds, [T7]. As explained in [I], any sharpening in the spectral region is related 
to improvements in estimates for the remainder term in the sharp Weyl law for 
— A g , which measures how uniformly its spectrum is distributed. Consequently, 
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Figure 1. Spectral region 1Z$ in the uniform resolvent bound (11.11) . 

improvements in the spectral region IZ5 are available for manifolds of nonpositive 
curvature and in the case of the torus with a flat metric, see [1], and also |13| . 

The corresponding uniform IP resolvent estimates for the standard Laplacian on 
MJ 1 , n > 3, were obtained in [9j. Here in contrast to the case of a compact mani- 
fold, the estimates are valid for all values of the complex spectral parameter (. In 
[5] the results of [9] were generalized to the case of non-trapping asymptotically 
conic manifolds. 

To formulate our results let us begin by fixing some notation. Let M be a compact 
connected C°° manifold without boundary of dimension n > 2, equipped with a 
strictly positive C°° volume density dfi. Let P be a differential operator on M 
of order m > 1 with C°° coefficients. We assume that P is elliptic and formally 
self-adjoint with respect to dfi, 



Puvdfi 



M 



uPvdfi, 



u,v 



E C°°(M). 



M 



Let p(x, £) G C°°(T*M) be the principal symbol of P, which is a real- valued 
homogeneous polynomial in £ of degree m. Since p(x, £) 7^ for £ 7^ and 
T*M \ {0} is connected, without loss of generality we shall assume, as we may, 
that p(x, £) > for £ 7^ 0. The order m of the operator P is therefore even. 

If we equip the operator P with the domain C°°(M), P becomes an unbounded 
symmetric essentially self-adjoint operator on L 2 (M), i.e. P has a unique self- 
adjoint extension, which we shall denote again by P. The domain of the self- 
adjoint extension is T>(P) = H m (M), the standard Sobolev space on M. 

An application of Garding's inequality implies that there exists a constant C > 
such that P > —CI in the sense of self-adjoint operators. Thus, after replacing 
P by P + CI, we assume, as we may, that P > 0. 
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The spectrum of P is discrete, consisting only of real eigenvalues, where each 
eigenvalue is isolated and of finite multiplicity. Let < Ai < A 2 < . . . be the 
eigenvalues of P repeated according to their multiplicity, and let ei,e2,... G 
L 2 (M) be the corresponding orthonormal basis of eigenfunctions. 

Seeking to generalize (II. ip . our goal is to find a region KcC, for which there 
holds a uniform L p bound of the form, 

\\u\\mM)<C n \\{P-C)u\\ LP{M) , u eC°°(M), (en, (1.2) 

for suitable p and q. Motivated by the classical Sobolev inequalities, we shall be 
interested in the estimate (jl.2p for pairs (p, q) belonging to the Sobolev line 

i-i = -, (1-3) 

p q n 

assuming that p < n/m. Following [U |3], we shall also require the pairs (p, q) to 

be on the duality line, 

1 1 

- + - = 1. (1.4) 

p q 

The restrictions ( 11.31) and ( ll.4p imply that 

2n In 

p = , q = , n > m. 

n + m n — m 

It is clear that the estimate (11.21) can only hold away from the spectrum of P. 
Similarly to the case of — A g , when establishing the estimate (II .2p . we shall in 
fact be concerned with the case of ( away from all of [0, oo). Given (G C\[0, oo), 
it will then be convenient to write ( = z m with zeH, where 

E = {z eC: arg(z) G (0, 2vr/m)}. 

This is due to that fact that the map 

/ = / m :H-MC\[0,oo), z^z m , 

is a conformal isomorphism. This map extends continuously to / : S — > C with 
/(flS) = [0,oo). 

Notice that the region TZs in the uniform bound (11.11) satisfies 

K s = f 2 (E s ), E s = {zeC:lmz>5}, 

By analogy with this, it is natural to try to establish the estimate ( II. 2p for ( = z m , 
where 

z G E<5 = {z G E : dist(2;, dE) > 5}, 
with 5 > small but fixed. We have 

E s = {zeC: arg(z) G (0, 2vr/m), Imz > 5, -Im (ze~ 2 " /m ) > 5}. 
Associated with the principal symbol p(x, £) of the operator P is the cosphere 
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We may notice that for each x G M, the cosphere E^ is a C°° compact connected 
hypersurface in M n , see the discussion before Lemma 12.91 below. The cosphere 
Ea is called strictly convex if the second fundamental form is definite at each 
point of Ti x . This is equivalent to the fact that the Gaussian curvature of E x is 
non-vanishing. 

The following theorem is the main result of this paper, which is a generalization 
of the uniform estimate ( II. ip . obtained in [3], to the case of higher order elliptic 
self-adjoint differential operators. 

Theorem 1.1. Assume that n > m > 2 and that for each x G M, the cosphere 
Tj x is strictly convex. Then given 5 > small, there is a constant C = C($) > 
such that for all u G C°°(M) and all z G Eg, the following estimate holds 

\\U\\ 2n <C||(P-,2">|| 2n . (1.5) 

In the case of an elliptic operator P of order m > 4, letting IZ5 = /(E$), a 
straightforward computation show that for R > sufficiently large, we have 

n s n{(eC-.\c\>R} = (izj u nj) n {C e c : |C| > R}, 

where 

nj :={CGC:ImC> (Re()^m5 + ©((ReC)^ 5 ), Re( > 0} 

U {C G C : ImC < -(ReO^mS - C((ReC)^), ReC > 0}, 

and 

7^:={CGC:ReC<0}. 
Thus, for |^| sufficiently large, similarly to the case of — A g , the region 1Z$ is 
the exterior of a parabolic neighborhood of the spectrum of the operator P, see 
Figure |2j 

As an example of an operator P to which Theorem 11.11 applies, one can consider 
P = (—Ag) k , Ik < n, where — A g is the Laplace-Beltrami operator on a compact 
Riemannian manifold (M,g). 

Our proof of Theorem 11.11 relies on the approach, developed in [TJ. The main 
ingredients here are the spectral cluster estimates, obtained in [15] in the case of 
the Laplace-Beltrami operator on a compact Riemannian manifold, and in [UJ 
in the case of higher order elliptic operators, the method of stationary phase, as 
well as the Hormander-Lax parametrix for the operator e %t ^ p for small times. 

Let us remark that the strict convexity of the cospheres E x in Theorem 11.11 
guarantees that the Fourier transform of the surface measure on E^ has essentially 
the same decay at infinity, as that of the surface measure on the sphere, thanks to 
the method of stationary phase, see [HJ Theorem 1.2.1, p. 50]. This assumption 
also plays a crucial role in the derivation of the spectral cluster estimates for 
higher order elliptic operators in [TT] . 
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Figure 2. The spectral regions Eg and H$ 
estimate (jl.5p . 



/(2<s) in the uniform 



We may also notice that the a priori estimate (II. 5p implies that the L 2 resolvent 

of P, (P-C)~\ (6C\ [0,oo), is abounded operator: L^(M) ->• L^(M), 
see Proposition 12.101 below. 

Our next result shows that the region E$ in (11.51) is in general optimal for higher 
order elliptic operators, since it cannot be improved for an operator whose prin- 
cipal symbol has a periodic Hamilton flow. This is due to the fact that the 
spectrum of such an operator is distributed in a non-uniform fashion, displaying 
a cluster structure, see [2] and [T7] . 

Theorem 1.2. Assume that n > m > 2 and that for each x G M, the cosphere 
Y> x is strictly convex. Assume furthermore that the subprincipal symbol of the 
operator P vanishes, and that the Hamilton flow of the principal symbol p is 
periodic, with a common minimal period onp~ l {l). Then there exist 

(i) a sequence Zk G E such that Rez k — > 00, < Imz k — > as k — > oo ; and 

m\-l I 



P 



In 2ra — } OO, 

1 £HT7S (M)->L n-m (M) 



k — >■ 00, 



and 



(ii) a sequence z k G E such that Re (z k e 2vrl / m ) — y 00, < — Im (z k e 2m / m ) — > 
as k — )■ oo ; and 



[P 



„m\— 1 1 



1 L'^Fm (M)-yL "-" l (M ) 



— >• 00, A; — > 00. 



As an example of the operator P in Theorem 11.21 we can take P = (—A g ) k , 
2k < n, on a Zoll manifold M, similarly to the case when k = 1 in [lj. To prove 
Theorem 11.21 we shall also use the methods of [1] . 
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The paper is organized as follows. Section [2] is devoted to the proof of Theorem 
11.11 while Section [3] contains the proof of Theorem 11.21 

2. Proof of Theorem 11.11 

2.1. Formula for the resolvent (P — z m )~ l based on a half wave group 

for p l l' m . We shall denote by \I/^(M) the space of classical pseudodifferential 
operators of order /i on M. Let Q = P l l m be defined by the spectral theorem. 
According to Seeley's theorem, see (HI Theorem 3.3.1], we have Q G ^(M) 
with the principal symbol q = p l l m . Furthermore, T>{Q) = H 1 (M), and the 
eigenvalues of Q are ptj = A ■ , j = 1, 2, . . . . 

Letting z G S and following [1\, let us derive a natural formula for the L 2 resolvent 
(P — 2 m ) _1 . To that end, we write (P — 2 m ) _1 = m z (Q), where the multiplier 
m z (Q) is given by m z {r) = (r m — z™ 1 )" 1 . Using the inverse Fourier transform, we 
get 

-r r+oo r+oo i 

m z (r) = — / m z (t)e ltT dt, m z (t) = / m _ - e~ itT dr. 

We shall need the following result. 

Lemma 2.1. Let z G E. Then for any t £M>, we have 

r+oc i ? • W2-i 

/ e - i<T dr = ^^- V e 2^/m+i|t|r fe (21) 

/ „ r m - z m mz m ~ x *-^ 

J -°° fe=0 

where r k = Z e 27rfcl/,,n ; fc = 0, 1, . . . , m/2 — 1. i/ere Imr fc > 0, fc = 0, 1, . . . ,m/2 — 1. 

Proof. To show ( 12. ip we shall use the residue calculus. To that end writing 
z = \z\e l,p , < (f < 2ir/m, we obtain that the poles of the rational function 

C9t4 (r m — z m ) _1 are given by 

Tk = \ z \ e i(.m/H-2*ky m = ze 2*K/m^ fc = (),..., m - 1. 

Notice that the poles are simple, none of them are on the real line, the poles 
Tk, k = 0, ...,m/2 — 1, are in the upper half plane, and the poles 77., k = 
m/2, . . . , m — 1, are in the lower half plane. 

We have |e _4tr | = e' Imr . Let first t < 0. Deforming the contour of integration in 
the upper half plane, we get 

,+oo t rn/2-l / ^ ^ m/2-1 ^^ 



r+oo j •"■!' ^ / -itr \ ""/- 

/ e~ itT dT = 2m V Res ; r k ) = 2iri V 

•/-oo ' u =0 V Z / ;._n 

m/2-1 
_ ^^ e 2nki/m-itT k £ < Q 



fc=o v 7 fc=o fc 

2m m/2 ^ 



k=0 
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Let now t > 0. Then by deforming the contour of integration in the lower half 
plane, we conclude that 

1 ■ ^ / e- itT \ ^ e~ itTk 



r+oo , ™-j. / -itr \ '"- 1 

/ e- iiT dr = -2vri V Res ; r fe = -2ni V 



rar m ~ x 

k=m/2 " ' k=m/2 k 

2<m m_1 2-7T7 m/2_1 

_ Z/U V^ e 2irki/rn-itr k _ Z/U V^ e 7ri e 27rfci/m-itr m/2+fe 

k=m/2 k=0 

9 ■ m/2-1 
_ ZTTl y^ e 2Trki/m+itr k ^ f > g 

k=0 

Thus, (12. ip follows. The proof of Lemma 12.1 1 is complete. □ 

Let z G S. Then by (12. ip . we obtain that 

m/2-1 „ +00 

m ( r ) = % V" e ^ki/m / j\t\T k +itr dt 

Therefore, we have the following formula for the resolvent of P, 

? "V 2 - 1 r+oo 

(P - z m )- 1 = m z {Q) = — J2 e2nki/m / e iWTk e itQ dt. (2.2) 

fc=0 ^ _ °° 

Here r k = Z e 27Tki/m and Imr fc > 0, k = 0, 1, . . . , m/2 - 1. 

2.2. Consequences of the spectral projection estimates. Assume that, for 
each x G M, the cosphere T, x = {£ G T^M : g(x, £) = 1} is strictly convex. 
Consider the fc'th spectral cluster of the operator Q, 

{fXj G spec(Q) : fXj G [k — 1, fc)}, 

and denote by Xfc the spectral projection operator on the space, generated by the 
eigenfunctions, corresponding to the fcth spectral cluster, 

Xk f= J2 E ^ /eC°°(M). 

/i,'S[fe— l,fe) 

Here £y : L 2 (M) — > L 2 (M) is the orthogonal projection onto the space, spanned 
by e,-, i.e. 



E jf(v)=[ / f(y)e j (y)dn(y))e j (x 



M 



2(ra+l) 



It was shown in [IT], see also [HI Theorem 5.1.1], that for p > ™-i ■> we have 
\\Xk\\mM)-> L p(M) < Ck*<*\ crip) = n {\~-p)~\ (2 - 3) 
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where C > is a constant, and the dual estimate, 

\\Xk\\ LP > iM) ^ m <Ck^\ P' = ^T (2-4) 

Similarly to [U Lemma 2.3], we have the following consequence of the spectral 
clusters estimates (I2.3P and (12 .4p . 

Lemma 2.2. Assume that, for each x G M, the cosphere Ti x = {£ G T*M : 
q(x,^) = 1} is strictly convex. Let a G C([0,oo),C) and define the operators 
otk{Q) as follows, 

MQ)f= E «(A*i)^i/. /eC°°(M), 

Atj-e[fc-i,fc) 
k = 1, 2, T/ien if p > ™ x , we get 

\W{Q)f\\ LK M) < Ctf*V>{ sup laWDH/l^ , a(p) = n(± - £) - ± 

; (2.5) 

where C > is a constant independent of the function a. 

Proof. First notice that ak{Q) = Xk ° «fc(<5)- Let p > ^ ■ Then using the 
spectral clusters estimates (I2.3P and (12. 4ft . we obtain that 

\\a k (Q)f\\ LHM ) < Ck^\\a k {Q)f\\ LHM) 



' /Xj£[fc— l,fc) 

<<?**«( sup |a(r)|)f E Pi/lli»w) ' 
= CrW( sup |a(r)|)||x*/||L>(M) 

re[k-l,k) 



<ce*> { jp ht) L ^ M) 



U 



Lemma 2.3. Assume that for each x G M , the cosphere S x = {£ G T£M 
q(x,^) = 1} zs strictly convex. Let a G C([0, oo),C) fre suc/i t/i«£ 



T/ien we have 



A= sup (l + r m )|a(r)| < oo. (2.6) 

rS[0,oo) 



||a(Q)/|| _^_ <CA||/|| _^_ , (2.7) 
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where a(Q) is the operator defined by 



a 



3=1 

and C > is a constant independent of the function a. 

Proof. To establish (12.71) . we shall follow [U Lemma 2.3], see also [9j, and use the 
one dimensional Littlewood-Paley theory. To that end, let 



x(t) 



l, te [1/2,1), 

0, t£ [1/2,1), 

be the characteristic function of the interval [1/2,1). Setting Xjij) — x(2 _ - 7 t), 
we obtain the dyadic partition of unity in [0, oo), Xo( r ) + Y^JLi Xjij) — 1? where 
Xo( T ) = 1 when r G [0, 1), and Xo( r ) = otherwise. 
Define Qj(t) — (x(t)xj(t), j — 0,1, ... . Assume that we have proved that 



MQ)fl. 



<s\\f\\ 



J =0,1, 



(2.J 



with some constant 5 > 0. By the Littlewood-Paley theorem and Minkowski's 
inequality, we conclude from f |2.8j) that 

||a(Q)/|| _an_ <C qp S\\f\\ ^n_ , (2.9) 

where C 9jP > depends on q and p only, see [9] and [TU]. Let us present these 
arguments for the convenience of the reader. We shall write p = ^^ and q = 
-37-. Then 1 < p < 2 < g. As g > 1, by Littlewood-Paley theorem, we get 



\a{Q)f\\ Lq{M) < C q 



Z) l«i(Q)/l : 



1/2 



C n 



1/2 

Li/ 2 {M) 



Li(M) 
■=h- 



i=0 

As g/2 > 1, we may write from Minkowski's inequality that 

1/2 / 00 s 1/2 

= CJ J]||«,(Q)/||l 9fM) ) :=1,. 

As Xj = xf ? J = 0, 1, • • • , it follows from (J2.8P that 

, 00 x 1/2 

/ 2 <c 9 5 ^||x,(Q)/II! p( m) 



(00 
£lll«*(WI 5 
o— n 



Il«/ 2 (m) 



C g S 



j\y 



|^-(g)/(a:)|^(x) 



Z 2 /P 



1/P 
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where ||{aj}||/2/ P denotes the Z 2/,p -norm of the sequence {a,}. Since 2/p > 1, by 
Minkowski's inequality, 

l/p / oo 

h<C q S[ I \\{\xj(Q)f\ p }\\p/pdn) =c n s 



M 



3=0 



1/2 



LP(M) 



< C q C p S\\f\\LP(M), 

which shows (12. 9p . 

Thus, we are left with proving (12. 8p . Let / G C°°(M). For j = 1, 2, . . . , we write 



a ; 



2J-2J- 1 2-? -1 

= 5Z 5Z a j(^i) E if = ^2oc ji zj-i +r (Q)f, 

where the truncated operator aj t k(Q) is given by 

otj,k(Q)f = Yl a j(^i) E if- 
me[k-i,k) 

Since ^ > ^£±11, by ([23]) and the fact that a(2n/(n - m)) = (m - l)/2, we 
get 

2J-1 
K"(Q)/|| *n < J2 \\^,2^ + r(Q)f\\ L ^ ( 



'L n ~ m (M) 



r=l 



'Z,n-m(M) 



2»" 



<C^(2- 1 + rr- 1 ( sup JaWDH/l^ , J = l,2,.... 

Now using (12. 6ft . we obtain that 

2i~ ' 



\o 



i(Q)f\\ _^_ <CiV(2 H + rr \ . : l 



r=l 

2-'- 



<CM£ 



/ — 1 o \ m— 1 



(2^2) 



^ (2J'- 1 ) m 
for j = 1, 2, . . . . We also have 

<*o(Q)f= J2 a ^) E if 

W6[0,l) 

and therefore, it follows from (12. 5 p that 



(2J- 1 + r — l) m "l^tte^m) 



2n <C7L||f|| _^_ , 



(2.10) 



|a (Q)/|| -21L. <C( sup |a(r)|)||/|| _*,_ < CA\\f\\ _^_ . (2.11) 



U RESOLVENT ESTIMATES 11 

We obtain (J2.8P as a consequence of (J2.10P and (12. lip . The proof of Lemma [231 
is complete. □ 

2.3. Derivation of the resolvent estimate with bounded \z\. Let us first 
prove the resolvent estimate (ll.5p for all z G H^ when \z\ is bounded by a fixed 
constant, i.e. z G 5^ fl {z G C : \z\ < .D}. To that end, consider the multiplier 

mJr) = , r G [0, oo). 

First notice that r m — z m ^ for all r > and all 2 G C with arg(z) G (0, 2ir/m). 
Then by continuity of \T m —z m \ on a compact set, we have that for any A,D,5 > 0, 
there exists a constant C > such that |r m — z m \ > 1/C for r G [0, A] and 
z G 5,5 PI {z G C : \z\ < D}. For r large and z G 5$ fl {z G C : \z\ < D}, we have 
\r m — z m \ ~ r m , and therefore, we conclude that 

KMI^C^l+r" 1 )- 1 

uniformly in z G S^ fl {z G C : |z| < D}. By appealing to Lemma [2.31 we obtain 
the resolvent estimate (jl.5p for z G H5 fl {z G C : |z| < £>}. 

Remark 2.4. Notice that applying Lemma HO. we can immediately obtain the 
(non-uniform) estimate 

llull jb. < C c ||(P-0m|| -£*- , 

/or all( eC\ [0, 00) and it G C°°(M). 

2.4. Uniform bounds for a local term in the case of unbounded \z\. Let 

z & E§ n {z & C : \z\ > 1}. Here it will be convenient to use the representation 
(j2.2p for the multiplier m z (Q). To define the localized version of m z (Q), we fix a 
function p G C°°(R) satisfying 



p(*) = C L " ' ( 2 - 12 ) 




where < e < 1/2 will be specified later. In view of (12. 2p . the localized version 
of m z (Q) is given by 

m ' OC «)/ = ^lE e2rf,/m p(ty^e itQ fdt, feC°{M). (2.13) 

fc=0 ^~°° 

Here r k = Z e 27Tki/m and Imr fc > 0, k = 0, 1, . . . , m/2 - 1. 

To prove the resolvent estimate (11.51) for z G Es fl {z G C : |z| > 1}, let us first 
establish this estimate for m l ° c (Q), i.e. 

\\m l ° c (Q)f\\ _^_ <C\\f\\ _j^_ . (2.14) 
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When doing so we shall use a dyadic partition of the t-interval in the definition 
(I2TTSJ) of m l ° c (Q). To that end let tp G C™(R) be such that supp (ip) C [-2,2], 
^ = 1 on [— 1, 1], and ip is even. Define (3(t) = ip(t) — ip(2t). Thus, 

/3(t)=0, \t\<£ [1/2,2], 

and 

+oo 



£ 0(2-'t) = 1, t ^ 0. 



j=-oo 

It will be convenient to write, 



'0 



p(t) = l-^/3(2^t) GC C 
i=o 

Notice that p(t) = when \t\ > 1. 

For a given z 6 S^ H {z G C : |z| > 1}, we define the multipliers 

m/2-1 . +00 

^(r) = — ^r E ^^ / /3(2^>|t)p(t)e^e^t, j = 0,l,2,..., 
mz fc=0 ^~°° 

(2.15) 

and 

_ • m/2-l +00 

5,(r) = ^^n £ e ^ /m / P(M*)p(*K |t|rfe e^. (2.16) 

We have 

S zJ = if 2- J >| < 1. (2.17) 

Indeed, if \t\ < s, then 2" J >||t| < 1/2 and therefore, (3(2- j \z\t) = 0. 

The bound (I2.14p follows once we show that there is a uniform constant C so 
that for all z G H5 fl {z G C : |z| > 1}, we have 

\\S z AQ)f\\ L ^ m < CV 2 -^^ \\f\\ L ^ iMy J = 0, 1, ... , (2.18) 

and 

\\S z (Q)f\\ 2n < C\\f\\ »» . (2.19) 

Let us start with establishing the estimate f )2.19p . When doing so, we shall follow 
and obtain the following result. 



Lemma 2.5. The multiplier S z belongs to the symbol class S m (M.) uniformly in 
zgC, \z\ > 1, i.e. 

\diS z (r)\ < Cjil + \r\)- m -i , 3 = 0,1,2,..., (2.20) 

with the constants Cj independent of z. 
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Proof. Recall first that p(|z|£) = when \t\ > l/\z\. Furthermore, as Imr(, > 0, 
k — 0, 1, . . . , m/2 — 1, we conclude that |e*'*' rfc | < 1. 

Let \t\ < 1. Then for j = 0, 1, . . . , we have 

„ n r 1 /\ z \ n 

\4S z (t)\ < t-j r / \t\ j dt < --— < C, 

i t *\ /\ — m— 1 / ' ' — ~ m+i — ' 

R ^—i/i^i H ^ 

uniformly in 2;, |z| > 1, which shows the estimate (I2.20p in the case \r\ < 1. 

Assume now that |r| > 1. Let us first prove the estimate (I2.20p for j = 0. To 
that end we shall integrate by parts m times in the expression (I2.16P for S z . 

Let us first explain that all boundary terms vanish when we integrate by parts 
m — 1 times in ( 12.16!) . Indeed, integrating by parts once in ( 12.16!) . we obtain the 
following boundary terms, 

m/2-1 



irmz 

k=0 



lit/ Zr J_ / v 

_ J- e 2 ^/ m (p(|z|t)p(t)e-^e^|^oo + fl|*|t)p(t)e^e*|£+~) 

b— n \ / 

m/2-1 , v 

_ J2 e 27Tkl/m ( 1 - 1 j = 0. 

z — n \ / 



irmz' 

k=0 



Here we have used the fact that p and p are compactly supported, and p(0) = 
p(0) = 1. 

Furthermore, since all the derivatives of p and p vanish at the origin, when 
integrating by parts m times in (I2.16p . the only possible contribution to the 
boundary terms may be written in the form YmLi -Bi, where 



m/2-1 , 

Sl = 7 _J_ r J2 e^-i-iy-Upiizmt^ny-^^ 

V / i — n \ 



+ p(\z\t)p(t)(iT k y- 1 e ltT *e itT \ t= ~ ] - x - 



\t=o 



\lrm -ym- 



m/2-1 

_ J- e 2 ^/ m (-l)'" 1 ((- ? r fc )'- 1 - (tn) 1 - 1 ). 



{%T) l mz 

v ' fc=0 

When / is odd, it is clear that B\ = 0. Recall now that m is even. When I is even 
and I j^ m, we also have Bi = due to the fact that 

m/2-1 m/2-1 _ ^. 

V e 2 ^ m (r fc ) / - 1 = z 1 - 1 Y ( e 2 ^ m ) fc = z^ 1 ' ,. . = 0. 

/ j \ *' / / v ' 1 g27rh/m 

fc=0 fc=0 

Here we have used that r fe = 2 e 27rfcl//m and the fact that e 2/Kl% l m ^L \ when 2 < 
I < m — 2. Hence, when integrating by parts m times in (12.161) . the only possible 
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contribution to the boundary terms is of the form, 

m/2-l m/2-1 

B m = V e^ ki l m {TA m - X = -=— Y" e 27rfci = — . (2.21) 

T m 77lZ m ~ J T rn "m J T m 

fc=0 fc=0 

Let us explain how to estimate the integrals arising after having integrated by 
parts m times in (12.161) . The worst case scenario occurs when no derivatives fall 
on p(t), and the corresponding contribution can be estimated by a constant times 

i rO I ,v|m— 1 

T J-iM 
Here h + 1 2 = m. Then it follows from fl2~T6|) . ( T2T22]) and (12T2TJ) that 

l&(r)|< ( ' 



< C^H — . (2.22) 

— T m 



|^-|m ' 



(2.23) 



which shows (I2.20p for j = in the case \t\ > 1 . 

To establish (I2.20p for j = 1, 2, . . . in the case |r| > 1, we write 

j m/2_1 / r° 

d{S z {T) = —— [ V e 2 ^/" 1 / p(\z\t)p(t)e- UT *(itye UT dt 

mz rn-L l_^i \ I 

k=0 \J-oo 

/+oo \ 

p{\z\t)p{t)e itTk {tt) j e itT dt), 

and integrate by parts (m+j) times in (12. 23 p . Due to the appearance of the terms 
P in the integrands in (I2.23p . no boundary terms arise when integrating by parts 
the first j times. Integrating by parts further, the contributions to the boundary 
terms that one has to consider would be similar to those in the case j = 0, 
and therefore, we need only to discuss the integrals obtained after an integration 
by parts m + j times in f!2.23[) . The worst case scenario here occurs when no 
derivatives fall on p(t), and the corresponding contribution to the integrals can 
be bounded by a constant times 

|2| Zl (4 1 p)(|z|t)p(t)(-ir fc ) i2 e- i<Tfe t J - Z3 e itT (it 



T-m+ j , 



< CM™- 1 ' 



T 



m+j 



Here l x + l 2 + l 3 = m + j, < l 3 < j. Together with (12T23J) this implies f l2~20|) . 
The proof is complete. D 

Combing Lemma [2.51 with the fact that Q G ^/^(M) is elliptic and self-adjoint, 
we conclude from [HI Theorem 4.3.1] that S Z (Q) is a pseudodifferential operator 
of order — m, with the symbol seminorms uniformly bounded in z G C, \z\ > 1. 

Let S z (Q)(x,y) G V'(MxM) be the Schwartz kernel of the operator S Z (Q). Then 
S z (Q)(x,y) is C°° away from the diagonal {(x,x) : x G M}. By [161 Proposition 
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1, p. 241], since n — m > 0, we have near the diagonal, in local coordinates, 

\S z (Q)(x,y)\<C\x-y\ m - n , 

uniformly in z G C, \z\ > 1. An application of the Hardy-Littlewood-Sobolev 
inequality gives the estimate ( 12.1 9ft . 

Let us now prove the estimate ( 12.1 8ft . By the Riesz-Thorin interpolation theorem, 
( I2.18P follows, if we show that that there is a constant C = C{8) so that for all 

z G Es PI {z G C : \z\ > 1}, we have 

\\S zd (Q)f\\ LHM ) < C\z\- m y\\f\\ LHM)} j = 0, 1, ... , (2.24) 

and 

\\S t AQ)f\\»°m < C|^r m 2-^^||/|| L1(M) , j = 0, 1, ... . (2.25) 

Here the interpolation parameter 9 = 2=12 ^ anc l 

{\z\- m y) 6 {\ z \ n - m 2-^y- e = 2^-^ir^. 

When proving the estimate (12.2411 . we use the identity ||e lt< ^/||x,2(jv/) = ||/||l2( M ), 
t G R, the fact that (3(2^\z\i) = when \t\ $ [2 i_1 /kl, 2 i+1 /M], and Minkowski's 
inequality, to get 

||S 2J (Q)/|| l2( m) < ^r / lle^/llLW* < ^2^||/|| L2(M) , 

uniformly in z, which shows (12.241) . 

Now we are left with proving (I2.25J) . Let us denote by K z j(x,y) the Schwartz 
kernel of the operator S z j(Q). The estimate (I2.25J) is implied by the estimate 

\K z j{x,y)\ < C\z\ n - m 2-^, x,y G M, (2.26) 

for all z G E$ fl {z G C : |z| > 1}, uniformly in z. By (12.151) . we have 

m/2-l +oc 

^(^1/) = — ^T Y. e ^ kl/m m- ] \z\t)p(t)e^e UQ (x,y)dt, (2.27) 

mz fc=0 ^~°° 

where e lt ®(x,y) is the Schwartz kernel of the half- wave operator e lt ® . To pro- 
ceed, we shall make use of the Hormander-Lax parametrix for the the half-wave 
operator e lt ®, see [6], [T4"l Theorem 4.1.2]. 

Lemma 2.6. Let Q G ^/^(M) be elliptic and self-adjoint with respect to a positive 
C°° density d/i, and q(x,£) be the principal symbol of Q. Then there is e > 
small, depending on M and Q, so that if \t\ < e, 

e itQ = G{t) + R(t), 

where the remainder R(t) has the kernel R(t,x,y) G C°°([— s,e]xMxM), and the 
kernel G(t,x,y) is supported in a small neighborhood of the diagonal in M x M, 
for \t\ < e. Furthermore, suppose that local coordinates are chosen in a patch 
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Q C M so that dfj, agrees with the Lebesque measure in the corresponding open 
subset ofW 1 . If oj C Q is relatively compact, G(t,x,y) has the form, 

G(t,x,y) = (27r)-" / e i M'* v *) +t «»>®g(t,x,y,Z)dZ 

when (t,x,y) G [—£,£] X M x to. Here g <E S® , i.e. 

for all multi-indices a, fa, fa, fa, and g is supported in a small neighborhood of 
the diagonal in u> x u, and if is a real function which is homogeneous of degree 
one in £, C°° for £ ^ 0, and satisfies 

<p(x,y,£) = (x-y,0 + O sl (\x - y\ 2 \£\), (2.28) 

i.e. 

|^(x,y,0-<ar-y,0)l<C«|x-y| 2 |e| Ho1 , 

for all multi-indices a. 

In what follows, we shall make the choice of e in the definition ( 12.121) of the 
function p(t) so that Lemma [2.61 is applicable. 

We assume that 2~- 7 |z| > 1, as otherwise S z j = 0, cf. (12.17J) . Let us write 

K tJ (x,y) = Ki 1 }{x,y) + K<?}(x,y) 1 

where 

m/2-l +00 

Ki%,y) = —^ J2 ***"" / m- J W)p(t)e iltlTh G(t,x,y)dt, 

fc=o J -°° 

m/2-l +OQ 



Since R{t,x,y) € C°°([-e,e] x M x M), we have 



l*S(*,v)l< r 



*>J v ' ^^ — \-y\m-l 



|t|e[2i-VI*l,^+VI*ll 



2?C 
< ±i±. (2.29) 



As 2 J '|z| > 1, the estimate (12.291) is better than the desired bound (12.261) for 



K z , r 



-(i) 



Let us now estimate K z j . Setting 



2^ 1 

r = Tii ~n — r < I; 

\z\ \z\ 
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and assuming that the local coordinates are chosen as in Lemma I2.6[ we write 

m/2-l 

k=o '""' (2.30) 



mz m-l Z_^ (27r) 



+00 



P(t/r)p(t)e iltlTk e iMx ^ )+tq{y ^ ] g(t, x, y, Z)dtd£, 



—00 



for (x,y) G M x uj. We would like to replace ip by the Euclidean phase function 
ipo = (x — y,£). In doing so, we shall follow [11] and notice that both p and po 
parametrize the trivial Lagrangian manifold {(x, £, x, £)}. This is due to the fact 
that when (x, y) is in a neighborhood of the diagonal, we have p>'t = precisely 
when x = y, and then <p x = —ip' = £. Following [11], we can use the following 
result of [7, Theorem 3.1.6]. 

Lemma 2.7. Suppose that p is as in Lemma \2. 6[ i.e. <p satisfies (\2.28\i . Then, 
for (x, y) close to the diagonal, there is a C°° for £ 7^ homogeneous of degree 
one change of coordinates 

V = «*,y(0 
so that 

<P(x,y,K~liv)) = (x-y,ri). 
The transformation k XjV depends smoothly on the parameters x, y, and in addi- 
tion, 

K XiV = Identity, when x = y. (2.31) 

Lemma 12.71 implies that (I2.30p can be rewritten as 

m/2-1 

K ^y)=—^- Y e 2 ^/ m -V 

k=o v ; (2.32) 

p p+00 

/ / f3{t/r)p{t)e iltlTk e i[{x - y ' ri)+tqix ' y ' v)] g{t,x,y,7 ] )dtdr ] , 
where 

g(t,x,y,v) =g(t,x,y,K~l(ri)) D> 

with 2> y being the Jacobian of the transformation k~; L has the same prop- 
erties as g, in particular g 6 S® . Also, 

q(x,y,v) = q(y,Kx? y (v)) 

depends smoothly on x, y. Furthermore, since strict convexity is preserved under 
diffeomorphisms that are sufficiently close to the identity in the C°° sense, the 
surface 

£*,„ = {veR n :q(x J y,r ] ) = l} 



£>(Ofa) 
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is strictly convex. 

Making the change of variables t H- t/r in (I2.32p . we get 

m/2-1 

k=o K > (2.33) 

+00 

P(t)p(rt)e ir W Tk e i{x - y ' v) e itr ^ x ' y ^g(rt, x, y, rj)dtdr]. 

00 

As q and K x ,y are homogeneous of degree one, we have 

rq(x,y,v) = q(x,y, rK x} y (v)) = v(x,y,rv)- 

Making further change of variables rj *— y rr] in (12.331) . we obtain that 

• l-n m /2-l , 

J m7 m-l / j 



e 



mzm - 1 U «" (2.34) 

+00 

fi{t)p(H)e^ t ^e i ^ s ^' v) e i ^ x ' v ' ri) g(H, x, y, r]/r)dtdr). 



As q(x,y,7]) is not smooth at 77 = 0, it will be convenient to write 
J 1 (x,y,t,r)= f e^^^ +t ^^ X (v)9(rt,x,y, V /r)d V , 

JM. n 



where \ e Cg°(M n ) and \ = 1 when \r}\ < 1. Here \t\ G [1/2, 2] and < r < 1. 

As g G S%, we see that 

|Ji(z,j/,t,r)|<C, (2.35) 

for all x,y £ u, \x — y\ small enough, uniformly in r. 

Let us now estimate the absolute value of the oscillatory integral J2{x,y,t,r) 
when \t\ G [1/2,2]. To that end, consider 

V »/K^7^ v) + tq(x, y } 77)], 1*1 e [1/2, 2]. 

As g(x, 7/, 77) is homogeneous of degree one in 77, by the Euler homogeneity relation, 
we have 

V ■ V^g(x, y, 77) = q(x,y,r]). 

This and the ellipticity of g imply that V v q(x,y,rj) 7^ for all 77 G M n \ {0}. 
Thus, there is a constant A > 1/2 such that \V v q(x, y,rj)\ > A^ 1 for all 77 G § n_1 , 
and therefore, by the fact that V v q is homogeneous of degree zero, we conclude 
that 

\V v q(x,y,T])\ > A' 1 for all 77 G R n \ {0}. 
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On the other hand, since V v q G S® , for \tj\ > 1, we have 

\V v q(x,y,v)\ < A - 
Hence, for \t\ G [1/2, 2], if x, y are such that 

t^A^ [A^/AAA], (2.36) 

then 



I V 4(^7^ »?) + *5fo 3/, »?)] I > ^ _1 /2- (2.37) 

Assume first that fl 2 . 3 6 f) holds. Then we shall integrate by parts in the oscillatory 
integral J 2 , see [H Lemma 1.2.1]. To that end, setting 

ip(t, x, y, rj) = ( , 77) + tq(x, y, 77), 

r 

we consider the operator 

9^ if> 



L = Y1 a & 



a : 



We have L N (e 1 ^^) = e 1 ^' for any A^gN, and the transpose V of L is given by 



l! — — 2_\ ajdru ~ div o, a = (ai, . . . ,a n ). (2.38) 

i=i 
Hence, we get 

J 2 (s,y,*,r)= / e ^)(L') 2V ((l-x(^))y(r*,x,!/^/r))^- 

We observe that 

(1 " X(v))g(rt, x, y, V /r) G Sj (2.39) 

uniformly in < r < 1. This follows from the facts that when \r]\ > 1, 

\8%dt l d*d*g{rt } x,y,r,/r)\ < ^C a , hA , 03 (l+\v\/r)- lal < C a ,p M (l+\v\r ]a] , 

for all /?! G N := N U {0} and all a, fa, #, G N£, and 

|fifrfa)l<G*w(l + M)-*, 

for all aeNJ and all JV > 0. 

Let us now show that 

a>M e S?,o, M > 1, ( 2 - 4 0) 

uniformly in r, x, y and £ satisfying (12.361) . Indeed, first using f)2.37p . we have 

w,)l = w " 2A (2U1) 
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Let a G N n be such that |a| > 1. Then by Leibniz formula, we get 

with constants cg )7 . Here 

d Vj ip = — + td Vj q(x, y, t}), 

and hence, for |/3| > 1, we have 

I3?(M)I <C P (l + \ V \r m , (2.43) 

uniformly in r. To estimate the absolute value of d^(l/\W n ijj\ 2 ) for J7| > 1, we 
shall use the Faa di Bruno formula, see [TBI p. 94], 

<?GH S <v t-II^. (2-44) 

i<Jfe<M i =1 

l7l = l7 1 l + '-'+l7 fc 
| 7 J|>1 

For |7 J | > 1, using Leibniz formula and (12.43 p . we have 

\rf(\Vi1>\ a )\<C ¥ \Vrf\{l + \ V \)-M 
Therefore, (|2~14|) implies that for 7 G NJJ, 



92 



"Viv,# 



< ^^p(l + M)-' 71 (2-45) 



uniformly in r. We conclude from (j2.42p with the help of (I2.43P and (I2.45P that 
for all a G N n , \a\ > 1, 

Kai(i7)l<C a (l + M)- |a| , (2.46) 

uniformly in r. Hence, (I2.40P follows from (I2.4ip and (12. 46ft . 

Using ( 12.461) . we obtain that 

divoG^ 1 , H>1, (2.47) 

uniformly in r, x, y and t satisfying (I2.36p . Thus, it follows from (I2.38J) with the 
help of (I2T4TJ]) . (ESD and ( 12391 that 

(^((i-xWM^x.t/^/rjjeSj 

uniformly in r, x, 7/ and £ satisfying (12.361) . 

Hence, choosing N sufficiently large, we conclude that 

\Mx,y,t,r)\<C. (2.48) 
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Therefore, it follows from (TCTj) . ( 1235]) and fl2^8|) that 



|<j(x,y)| < C/— T = 2^ 1 -")|z|™- m , (2.49) 



when re,?/ are such that — — ^ [^4 1 /4,4v4]. The estimate (I2.49P is better than 
the desired estimate ( 12. 26ft . 

Assume now that — — E [A^ 1 /A,AA] and let us estimate the absolute value of 
K\ Ax,y) in this case. As above, we only need to estimate the absolute value of 



,i-n m / 2 - 1 i r r+oo 



e i{^,v)jtq{x,y,ri) ^ _ x ( r? ))^( rt , x , y , v /r)dtdr], 



where x £ C^°(IR n ) is such that % = 1 when |r/| < 1. Using (12. II) . we get 

K^\x ) y)= 7 -—- / / dr 

/3(t)p(rt)e l<£ ^' ,7> (l - x(v))g( rt ,x,y,v/ r )dvdt. 
Making the change of variables r h> — rr + g(x, y, 77), we obtain that 

> J (27T) n ,/_ 00 J R „ ( glglMJ T )m _ ^m 

where 

1 p+00 
h r (r J x } y,r ] ) = — / e itT /3(t)p(rt)(l - X (v))g(rt,x,y, V /r)dt (2.52) 

is the inverse Fourier transform of the compactly supported smooth function 
t \-> /3(t)p(rt)(l - x(v))g( r t, x, y, •q/r). 

We have 

\d^h r (T jX} y }V )\ < C N „(\ + |r|)-^(l + M)-H (2.53) 

uniformly in r, for all N > and 7 6 NJ. This can be seen by using ( I2.39|) in 
the case \r\ < 1, and by integrating by parts N times in ( I2.52J) and using (I2.39J) 
in the case \t\ > 1. 



We write 

/~y_ ~.\ _\ m 

n 



q{x,y,r])-r \ m ^ m ^ ^j-y 1 f q{x,y,r])-r _ ^ki/r, 

r 

fe=0 v 



S2 
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and using a partial fraction decomposition, we get 

1 m— 1 



.4! 



-g(^»y^)-T x 



where 



^m £'■ 



771—1 



£:=0 



?(x, y,T]) — T — rze 2lTkl / m 



A, 



n 



D 2irki/m 2irli/in s 



1=0 

Ijtk 



Thus, it follows from (12.511) that 



K. 



(1,2) 



a?, 3/) 



,1— n 



m— 1 



(2tt)"^ 



tS> 



fc=0 



h r (r,x,y,r])e 



ii^.ri) 



q(x, y, rj) — (r + rze 2 ^ 1 /™) 



dr/dr. 



(2.54) 

Recalling that arg(z) G (0, 2n/m), we see that r + rze 2 ^ kt / m avoids the real axis, 
for A; = 0, . . . ,m — 1. To proceed further, we shall need the following result, 
similar to [U Proposition 2.4]. 

Lemma 2.8. Let n > 2 and Zei /i G C°°(IR n \ {0}) satisfy the Mihlin-type condi- 
tion, 

I^MOI <^aier |a| , £^o, «6n;. (2.55) 

Lei a G C°°(IR™ \ {0}) &e homogeneous of degree one. Assume that a(£) > 
/or all £ G M n \ {0} and tfmt i/ie cosphere £ = {£ G M n : a(f) = 1} ^s strictly 
convex. Then there is a constant C > such that for all x G M. n , x ^ 0, and all 
w G C \ [0, oo), we /iave 



n a(£) — u> 



d£ 



<C7(|x| 1 - + (\w\/\x\)^). 



(2.56) 



Proof. First notice that since a G C°°(1R" \ {0}) is homogeneous of degree one, 
we have 

|^a(e)|<4,|er- |a| , ^0, aeN n . 
Let b G C°°(R n \ {0}) be such that 

1^6(01 <B a |er Ha| , e^o, «gn;. 

Then it follows from [161 P- 245] that the Fourier transform of &(£) satisfies 



/ b(Oe- tM d£ 

it™ 



<C|x 



l-n 



X^0. 



(2.57) 



Assume first that w is outside of a small but fixed conic neighborhood of the 
positive real axis [0, oo), i.e. argw G [9, 2n — 8} for some 9 > small but fixed, 
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and \w\ = 1. Let us establish that 

HO 



23 



uo 



eC c 



\{o», 



satisfies 



a(£) - u; 

|fl?6»(OI<Sa|ei" Ha| , '/O. MGN 



O: 



(2.58) 



uniformly in w. 

To that end, let us show that 






(2.59) 



with a constant Cg > uniformly in w. When doing so, we notice there is a 
constant 5 > such that a(£) > 5\£\, and then (12.591) follows for all |£| large 
enough. It remains to consider the case when |£| is bounded. Then if argw G 
[9, n - 9] U [tt + 9, 2tt - 9], we get 

|a(0 - w\ > \lm(w)\ > —. 

If argw G (7r — 9, Ti + 9), we write argu> = 7r + 0(6>). Then w = — 1 — (9(0), and 
therefore, 

|a(£)-H = K0 + i + <WI>~, 

for 9 small enough. The bound f l2.59|) follows. 
By the Leibniz formula we write 



,9+7=o 



a(£) — W J ' 



(2.60) 



with constants C^ )7 . It follows from the Faa di Bruno formula (12.441) and (12.591) 
that for |7| > 0, 



* \ a(0 - w 



< c^im 



-l-[7l 



f^o, 



(2.61) 



uniformly in w. Hence, we conclude from ( I2.60p . with the help of (I2.55P and 
(123TJ) . that ( 1238]) holds. 

Thus, applying (I2.57P for b w , we obtain that 



-d£ 



<C\x 



l—n 



x^O, 



(2.62) 



o(0 - w 
uniformly in w G C, argw G [#, 27T — 9] with # > small but fixed, and \w\ = 1. 
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Assume now that w G C, aigw G [9, 2n — 9] with 9 > small but fixed, and 
|iy| 7^ 1. Letting ty = w/\w\, we have 

MOe i<a! '*> = J_ f MQe^g d£ _ i ,n-i /" MMO^H^) 



o(0 - iu x |w| J R n a(£/M) - w J Rn a(0 - w 

Since the dilate ft,(|iu|£) of h(£) satisfies exactly the same bounds as in (12.551) . as 
above, we obtain the uniform estimate (I2.62p . for all w G C, argw G [9, 2tt — 9] 
with 9 > small but fixed. 

Assume now that w G C\ [0, oo), arg w G (— 9, 9) with 9 > small but fixed, and 
\w\ = 1. Then u> = 1 + 0(9), and therefore, 

|o(fl-ti;| = |a(0- 1-0(0)| >i 

for £ ^ a _1 ([l/2, 2]), uniformly in w. Hence, letting < x G Cq°((0, oo)) be such 
that x(t) = 1 when t G [1/2,2] and supp (%) C [1/4,4], by the above argument, 
we conclude that 

MO(i-xKO)) 

Mf) := 77n 

satisfies the bound (J2.58P uniformly in w. Therefore, 

h(0(l ~ x(a(0))e lM 



-d£ 



<C\x 



1-n 



a(£) — u> 

uniformly in w G C \ [0, oo), argu» G (—9,9) with 6> > small but fixed, and 

\w\ = 1. 

Let us now write, 

, w= / wy^ =JlW+J , M , (2 . 63 ) 

where 

T ( , _ f h(Z)x(a(Z))("(0-™i)e i{x4) j C T( s f ^(OxKOKe^ . 

Jk« (a(K)- w i) + w 2 Jr« {a{0- w i)+ w 2 

Here u>i = Rew = 1 + 0(fi 2 ), w 2 = Imw = /i + 0(/x 2 ), and \i := argw, |//| small. 

Using the coarea formula in the integral hix), we get 



a -i([l/4,4])KO-^l) 2 +^2 



|/ 2 (x)|<C> 2 | 



"' 1 1/4 J a($=E |V f a(OI (-S- ^l) 2 +w|' 

where dS# is the Lebesque measure on the surface a(£) = £7. 
Let us notice that by Euler homogeneity relations for a(£) = -E, we have 

|V £ o(OI>l/C, 
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uniformly in E G [1/4,4]. Therefore, 

\h(x)\ < C\w 2 \ —— — - 2 <C\w 2 \ ^—^C, (2.65) 

J 1/4 \E - WiJ z + w 2 J_ 00 E z + w 2 

uniformly in /i. 

Appealing to the coarea formula in the integral Ii(x), we get 

( 
(E-wi) 



/a-l([l/4,4]) (0(?) - ^l) 2 + W Z 2 



(2.66) 



, 1 J(E,x)dE 
1/4 (£ - wi) 2 + w 2 



1/4 l-^ - WD T w 2 

where 

W *) = X (E) [ W^dS E = E^ X (E) [ ^J^*:* dSi. 

We see that J(E, x) is C°° in E, x. Making the change of variables E i— > E — w\ 
in (I2.66p . we get 

/•«;!— 1/4 pA—w\ \ p 

/4— wi 
toi-1/4 E (J( E + WuX }_ J(_£ + Wl> x )) 



Ji(x)= / +/ +/ -= — ^{E + w^dE 

'l/4-wi JO Jwi-l/4/ & ~r w 2 



£" + «* dE 

4—wi 



+ / T^ — zJ(E + wi,x)dE. 

Jwi-iuE 2 + w z 2 



Bl _l/4 ^ 2 + ^2 

As /(E) = J(£ + w ls x) - J(-£ + wi, x) is C°° in £, w 1} and x, and /(0) = 0, 
it follows that f(E) = Eg(E) with a function g which is C°° in E, w 1; and 2. 
Hence, recalling that wi = 1 + 0(fi 2 ), for |x| < 1, we get 

|ii(z)| < C f „ 2 E 2 dE + C f ^dE < C, (2.67) 

J E 2 + w£ J 1/4 E 

uniformly in \x with < |/x| < 9, where 9 is sufficiently small. 
We conclude from (T2T63]) . ( 1235]) and ( 1237]) that 

|/(x)|<C, 
for |x| < 1, uniformly in fi with < |/i| < 9, where 9 is sufficiently small. 
Let us now show that when |x| > 1, we get 

\I(x)\ <C\x\-^, (2.68) 
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uniformly in fi. First using the coarea formula in (12 .63 p . we get 



s-w y a «)=i iv^o(oi 



1/4 -^ — W Ja(£)=l 

To proceed recall that a(£) is homogeneous of degree one, C°° for £ ^ 0, and 
a(f) > on R" \ {0}. Then V^a ^ along the cosphere E = {£ G M n : 
a(£) = 1}, which is therefore is a C°° compact hypersurface. Furthermore, E 
is homeomorphic to the sphere § n_1 via the homeomorphism § n_1 — )■ E, u i— >■ 
cu/a(oj). Hence, E is connected. The assumption that the Gaussian curvature 
of E never vanishes implies that the Gauss map is a diffeomorphism from E to 
gn-i_ Thus, given x G W 1 \ {0}, there are exactly two points £i(x) , ^(x) G E 
with normal x. Since £i(x), ^(x), are homogeneous of degree zero and smooth 
in W 1 \ {0}, it follows that the functions (x,£i(x)), (x,^2(x)) are also smooth for 
i^O and homogeneous of degree one. 

We shall need the following result concerning the inverse Fourier transform of 
a smooth measure carried by the cosphere E, which is an application of the 
stationary phase theorem, see [HI Theorem 1.2.1, p. 50] and [HI p. 68]. 

Lemma 2.9. Let da(£) = /3(£)dS(£) with (3 G C°°(E) and dS is the surface 
measure on E. Then under the above assumptions, the inverse Fourier transform 
of the measure da satisfies 

w-'j/^Mz) = bi{ ^_ m + 12 ^,:_„ /2 , |.| > i, 

where the functions bj are such that 

\d£bj(x)\ < C a |x|- |a| , |x|>l, aGN™. 



As £j(x) is homogeneous of degree zero, by Lemma [2.91 for |x| > 1, we get 

~i ^1/4 £ - w 

with some functions bj G C°° for |x| > 1 and E G [1/4,4], and 

\d l E d«b 3 (x,E)\<Q, a \x\- lal , \x\>l, EG [1/4,4], leNo, «gn;. 

The estimate (I2.68P would follow if we could show that 

" ^*WM) e «,,, ffi < c, (2.70) 

1/4 E-w 



(2.69) 
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uniformly in /i, < |/x| < <C 1. To show (12.701) . we let 

f(E,x) =E^-^\{E)b, J {x 1 E) 1 if(x) = (*,&(*)>. 

For \x\ > 1, the function f(-,x) is C°° with compact support in E G [1/4,4], and 
([239]) yields that 



\d l E f(E,x)\<Q 



(2.71) 



We write 
J(x)- 



f(E,x)e iE ^ 



1/4 



E-w 



dE 



2n 



f(t,x) I : — — tIEdt 



2m 



+oo 



f{t,x)e lWl(t+ipix)) 



j-oo E-wi- iw 2 

+oo -ir(t+<p(x)) 



U>2 — IT 



-drdt. 



where f(t, x) is the Fourier transform of f(E, x). We shall use the following fact: 
for all a G R, a ^ 0, 



1 

2^ 



+oo p -iTt 



a — it 



dT = sgnaH(at)e 



-at 



where H(t) is the Heaviside function which equals one for t > and zero for 
t < 0, see [H Lemma 2.1]. As w 2 ^ 0, we get 

/+oo 
f(t, x)ie iwi{t+ ^ x)) sgn{w 2 )H{w 2 {t + ^{x))) e - W2{t+ ^ x)) dt, 
-oo 

and therefore, using that / has compact support in E and (12.711) . we obtain that 

/+oo 
\f(t,x)\dt<C\\(l + t 2 )f(t,x)\\ L ~ 
-oo 

<C(\\f(E,x)\\ L% + \\dy(E,x)\\ L i E ) <C, 

uniformly in w. This establishes (I2.70p . and hence, fj2.68[) . Thus, for w G C \ 
[0, oo), argu> G (— 9, 9), 9 > small but fixed, and \w\ = 1, we get 



Ki)e 



i{x£) 



-d£ 



<C{\x 



l-n 



+ \x\ 



(n-l) , 



x^0, 



(2.72) 



o(0 - w 

uniformly in u>. In the case when u> G C \ [0, oo), argw G (— 9, 9), 9 > small but 
fixed, and |iu| ^ 1, the estimate (I2.56J) follows from (I2.72p by a change of scale. 
The proof of Lemma [2.81 is complete. □ 

Now using Lemma [2T8l the estimate (I2.53p . and the fact that ^— ^ G [A _1 /4, 4A], 
we obtain that 



h r (r,x,y,r])e 



•<^fl> 



g(x, y, 77) — (r + rze 2lTk ' l / m ) 



dq 



< C N {1 + \t\)- n {1 + \t\ + r\z\) V, (2.73) 
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for k = 0, 1, . . . , m - 1 and N > 0. It follows from fl234j) and (I2775]) that for 
N > sufficiently large, 

„1— n r+oo 

l</Wl<C<-— T / (l + lrir^^CH-rM)^"^ 

l Z l J-00 

.- ^~, ("-!) | . n+l-2m 

< CV 2 l^l 2 

Here we have used that r\z\ > 1. Recalling that r = 2- 7 /|z|, the above estimate 
completes the proof of the estimate (12.261) . and therefore, the estimates (I2.25P 

and fl2TT8|) . As EJlo 2 — ^ — = 1 /( 1 ~ 2 — ^ — )> we have obtained the fl2Tl4j) 
for the local operator. 

2.5. Uniform estimate for the non-local operator in the case of un- 
bounded \z\. Let r G K and consider the multipliers 



r z (r) = mJr)-m l ° c (r) 



i 



m/2-l 



mz 

fc=0 



_ J2 e 27Tkl/m / (l-p(t))e i|t|rfc e ltr rft, (2.74) 

I. r, •/ — OO 



for all 2; G S 5 n {z G C : |z| > 1}. 

In order to prove (II. 5p . we are left with establishing that 

lk*(Q)/|| an < Cll/ll »» , (2.75) 

for all z G S5 fl {2 G C : |z| > 1}, uniformly in z. 

Let us first show that r z (r) is bounded for all z G E<5 fl {z G C : \z\ > 1}, 
uniformly in z. Indeed, we have 

m/2-l , e / 2 „ +00 x m/2-1 

■i™- 1 1^ W-oc y £/2 / - t^ im ^ 



fc=0 ^-'-o "*/* ' fc=0 

(2.76) 
Recall that r k = Z e 2%kl ' m , and therefore, < arg(r fc ) < tt, k = 0, . . . , m/2 — 1. If 
now < arg(-Tfc) < 7r/2, then 

— — = sin(arg(r fe )) > sin(arg(z)), 

and thus, using the fact that z e S^, we get 

ImT fc > Imz > 5. (2.77) 

If 7r/2 < arg(rfc) < n, then 

— — = sin(7r - arg(r fc )) > sin(7r - arg(r m/2 _i)) = -sin(arg(z) - 27r/ra), 

and therefore, 

Imr fc > -lm(ze- 2ni/m ) > 5. (2.78) 
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Hence, it follows from ([2776]) . ( I277TJ) and (12775]) that 

Mr)|<ar\ (2.79) 

for all z G H^ D {z G C : |z| > 1}, uniformly in z. 

To obtain the decay of r 2 (r), let us integrate by parts N times, N — 1, 2, . . . , in 
(127731) . We have 

• W 2 " 1 / /iNTV /-0 

Notice that all the boundary terms disappear when integrating by parts due to 
the presence of the term (1 — p(t)) in (j2.74p and the fact that Im-r^ > 0. As 

I ± r k + r I = v / \±ReT k + T\ 2 + \ImT k \ 2 > y/\ ± Rer k + t\ 2 + 5 2 

>-=(l + |±Rer fe + r|), 

where 5 < 1, we obtain that 

m/2-1 

K(r)|<-— T ^((l + |-Rer fc + r|r w + (l + |Rer fc + r|)^), 

1 ' fc=0 

uniformly in 2. Thus, for r > 0, we get 
C 



r z (r) < 



We have 



V 7 — n ™ /n 1 7 — n ™ /o i / 

(2.80) 



' fe=0,..., m/2-l fc=0,...,ro/2-l 

Rcr fe >0 Rcr fc <0 



where 



«(W = ]>,(Pi)#i/ = XV,(Q)/, /eC°°(M), (2.81) 

i=i z=i 



■i(W = E r *M E if> * = 1, 2, . . . . 

AtjS[/-l,0 
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Using Lemma [2.21 and f 1 2 . 8 j) with N — m + 1, we obtain that 
||ri(Q)/|| _3a_ <Cr-\ sup |r*(r)|)||/|| 2 „ (M) < — — - 

, m/2-1 m/2-1 

(, ^ (l + |-Rer fc + /|)™+i + ^ (l + |Rer, 



2n 



_ + |Rer A . + /|) m + 1 / LTIT ^( M )' 

fe=0 v ' (/ fc=o v ' Iy 7 

Rer fe >0 ReT fe <0 

(2.82) 
Here we have used the fact that for / — 1 < r < I, we have 

| ± Re r k + l\ < | ± Re r k + t\ + \l - t\ < | ± Re r fc + t\ + 1. 
Hence, fl2T75|) would follow from (T2T8TJ) and fl2T82|) . if we could show that 

-| °° jrn—l 

S := — — r V 7 : — — T<C, a=|Rer fc |, (2.83) 

1-1 f^ (1 + 1 -a + Z|) m+1 - ' '' v ; 

with some constant C > uniform in z G C, \z\ > 1. 

Let us now show (12.831) . Assume first that a < 1. Then 

1 oo rm-1 i °° i 

s= x y^ / < + y^ + < (7 

Ulm-lZ-f (l_ a + |)m+l - Ulm-lZ^p - ' 
11 Z=l v y ' ' Z=l 

with a constant C > uniform in z G C, |z| > 1. Consider now the case a > 1. 
Then denoting [a] the integer part of a, we write 

L = Li + Zj2 + S3, 

where 

1 ^ l m ~ l 



S — V — 

Izl™- 1 ^ (l + a-/) m+1 

' Fol-i v ; 



l<[a]- 

1 / [a] rn - 1 (\a} + l) m - 1 



^ 2 :=-—-^\ ,.. . , L J . + 



E 



l^m-i ^( 1 + | _ a+ [ a ]|) m + 1 (1 + I -a+ [a] + l|) m+1 

i ^ r- 1 



:-! 



-l 2^ n_ 



(1 - a + Z) m +! 



Using the fact that a < \z\, we see that £2 < C, uniformly in z G C, |z| > 1. 

We shall next estimate S3. As the function £ m /(l — a + £) m+1 is decreasing for 
£ > 0, we get 

1 /-+ 00 f™- 1 , 1 /-+ 00 (£ + a - l) m - x , 
S, < r-: r / ■; ^~rdt = — / - - 1 dt 



~\m—l \, , fl /i 4- +W+1 I ~|m— 1 / , +m+l 

z l ^[a]+l I 1 a + l ) \ z \ J2+[a]-a l 

~ M VA * 7i tm+ J ~ 
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uniformly in z G C, \z\ > 1. 

Let us now estimate Si. Since the function t m ~ 1 /(l + a — t) m+1 is increasing for 
£ > 0, we obtain that 

~ {zl™- 1 J, (1 + a - £)-+! " \z\ m ~ l J 1+a _ [a] t m +! 

uniformly in z G C, |z| > 1. This completes the proof of (I2.83J) and hence, of 
Theorem 11.11 

Finally let us remark that the a priori estimate ( II. 5p implies the following simple 
result concerning the L 2 resolvent of P, (P — C) _1 - 

Proposition 2.10. Let ( G C\[0,oo). Then the resolvent (P — Q^ 1 is a bounded 
operator: L n + m (M) — > L"- m (M). 

Proof. Let ( <£ {Ai,A 2 ,...} so that (P - C)" 1 : L 2 (M) ->■ L 2 (M) is bounded. 
By elliptic regularity, we have (P - C) _1 C°°(M) C C°°(M), and therefore, the 
linear continuous operator P — £ : C°°(M) — >■ C°°(M) is bijective. By the open 
mapping theorem, (P — Q^ 1 : C°°(M) — > C°°(M) is continuous. 

We have next the linear continuous map P — ( : T>'(M) —¥ V(M) given by 



((P-C)u,^) = (u,(P-Cm, ^eC^(M), 

which is bijective, with continuous inverse (P — £) _1 : T>'(M) — > T>'(M). 



By Remark 12 .4| when ( G C \ [0, oo), we have the following a priori estimate 

llull _in_ < C C \\(P - C)u\\ 2^ , 

for all u G C°°(M). Thus, for any / G C7°°(M), we get 

IKP-cr 1 /!! ___ <QII/II -*_ • (2.84) 

2re 

Now let / G L n + m (M). Then there is a sequence /j G C°°(M), converging to 
/ in L^+^(M) as j -> oo. It follows from (I2.84J) that (P - C) /j is a Cauchy 

2n 2n 

sequence in L n ~ m (M), and therefore, it converges in L n ~ m (M). As (P — C) _1 : 

2n 

V'(M) -» D'(M) continuous, we have (P - C)" 1 / G L^(M) and (P - C) _1 .fj 
converges to (P — C) -1 / m L n ~ m (M) as j — >■ oo. Hence, (12.841) is valid for any 

2n _____ 

J £ L n + m (M), which shows the claim of Proposition 12.101 □ 
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3. Saturation of the resolvent estimates. Proof of Theorem 11.21 

We shall need the following Bernstein type inequality, established in (TJ Lemma 
3.1]. 

Lemma 3.1. Let f3 E C£°(M) be such that <£ supp (/3). Then if 1 < q < r < oo, 
there is a constant C = C(r, q) so that 

\\m/oc)f\W m < Ca<-^\\f\\ Lq(M) , a > 1. 

In Theorem 11.11 we obtained the uniform estimate (jl.5p for all z in the sector S 
of the complex plane such that dist(5S, z) > 5 for some 5 > 0. The next result 
shows that removing the eigenvalues of the operator Q = P l l m in some interval 
[a — 1, a + 1] allows us to obtain the uniform estimate (jl.5p for all z e H with 
Re z = a > 1 or Re (ze" 27ri/m ) = a > 1. 

Lemma 3.2. Let 

X[a-l,a+l)f = 2^ •£>•/• 

fijE[a— l,a+l) 

TTien we /iai>e t/te uniform estimate: 

\\(I ~ ^i)) o (P - n-Vll L ^ (M) < C||/||^ (M) , (3-1) 

wii/i z 6 H, Re z = a > 1, and < Im z < 1, and the uniform estimate: 

\\(I ~ ^i,) o (P - ^)-Vll L ^ (M) < G||/II L ^ (M) , (3-2) 

wift z G S, Re (ze" 27ri/m ) = a > 1, and < -Im (ze" 2 ™ /m ) < 1. 

Proof. Let us start by proving (13. ip . Let z 6 S, Re z = a > 1, and assume first 
that 5 <lm z = (3 < I for some 5 > 0. We write 

X[a -l,a + l) O (P - Z m )"V = E 0*™ - ^) _1 ^/- 

/XjSfa— l,a+l) 

By (E3D, we get 

\\x [a - W) o(P-n- 1 f\\ L ^ {M) <CoT-\ sup \(r m -z m r 1 \)\\f\\ L ^ {M y 

y ' rS[a— 1,Q+1) ' v ; 

(3-3) 
Writing 

z m = (a + if3) m = a m (l + mi(3/a + 0(f3 2 /a 2 )), 
we have 

?77 777 

Im z m = m/3a m ^ + 0({3 2 a m ~ 2 ) > -^^a m ~ 1 > ^8a m -\ (3.4) 

for a sufficiently large. Therefore, it follows from (13. 3p . (13. 4 p and (11. 5p that 

||(/ - x [a _ wl) ) o (P - z m )-7!l L ^ (M) < C\\f\\ L ^ {M) , (3.5) 
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:',:', 



for all z G S, Re z = a ^> 1, and 5 < Im z < 1, uniformly in 2. 

Let z G H, Re z — a 3> 1, and < Im 2 = /3 < 1/2. Then using the fact that 
a + % G S for a sufficiently large and f 13 .51) . we see that (13.1 ft follows once we 
establish that 

||(I " ^i)) o ((P - 2-)- - (P - (a + OT 1 )/!!^^ < ^ll/ll^ (M) > 

(3-6) 
uniformly in z. We have 

(/ - X[a-l,a + l)) O ((P - 2™)- 1 - (P - (« + i)™)- 1 )/ 

1 1 



Hj - z m fxf - (a + %) m 
1 1 



#;/ 



E + E 

;Uj6[0,a— 1) fj,j£[a+l,+oo) 
oo 

^^ ^_^ ^^ I \ u "> , fin . ,'/, /) 

/ijG[0,a-l) A:=2 /ij-Gla+fc-l.a+fc) 7 V ^ ^ 



(3-7) 



£;/■ 



By (E3J), for fc = 2, 3 . . . , we get 

1 



E 



,.rn z m ,.rn 

fije[a+k-l,a+k) y J J 



sup 

TS[a+fe— l,a+fc) 



r v-Vj/II -^- <C(a + A;) m - 1 

{a+l) m J J U Ln-m {M ) ~ v ' 



[a + i) 



(r m - 2 m )(r m - (a + i) m ) 



2n 

L™Tm(M) 



(3.1 



We have, for a sufficiently large, that 

z m - [a + i) m = a m - x mi($ - 1) + 0{a m ~ 2 ), 

and therefore, 

\z m -{a + i) m \ <Ca m -\ (3.9) 

As Re z m = ot m + 0(a m ~ 2 ), we obtain that 

\r m - z m \ > \r m - a m - 0{a m ~ 2 )\ 

= \{t - a)^™- 1 + r m ~ 2 a + ■■■ + ra m - 2 + a™- 1 ) - 0{a m ~ 2 )\ 

>{k- l)^™- 1 + a™- 1 ) - \0{a m ~ 2 )\ >{k- ly™- 1 >{k- !){a + k) m - l /C, 

(3.10) 
for r G [a + k — 1, a + k), k = 2, 3, . . . , and a sufficiently large. Thus, it follows 
from (USD, dS3D, and (13301) that 



E 



1 



.,171 _ z m ..m _ n , jm 

c 



Ejf\\ _^_ 

J J ll Ln-m(M) 



(3.11) 



< 



(fc- l) 2 " N i5Tm(Af)' 
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for k = 2, 3, ... . Using (J2.5P and rescaling, we get 
n-- / 1 1 



/ i iEjf\\ 2- <C||/II 2 « • (3-12) 

A»jG[0,q-1) vr ^ r-j ^ > ' 

Hence, ( 13 .6p follows from ( 13. 7p . (I3.1ip . and (I3.12p . The proof of ( 13. ip is complete. 

Let us now show ( 13. 2p . To that end, letting w = ze~ 2n ^ m , we have w m = z m , 
and therefore, ( j3 . 2 1) is a consequence of the uniform estimate, 

ii (/ - x [a -i,a+i)) o ((p - w-r 1 -(p-(a+ rn/u^^ < c\\f\\ L ^ {M) , 

with z G E, w = ze~ 2m / m , Re ro = a > 1, and < — Im w < 1. This is obtained 
similarly to the derivation of (13. 6p . The proof of Lemma [3.21 is complete. □ 

Let 

N(a) = #{j : iXj < a} 
be the counting function for the eigenvalues of the operator Q. We have 



N(a) = / S a (x,x)djj,(x), (3.13) 

JM 

where 

S a (x,y) = Y^ e A x ) e Av) 

fj,j<a 

is the spectral function. 

Similarly to [1, Theorem 1.2] we obtain the following result which gives a sufficient 
condition for the optimality of the region Eg in the uniform resolvent estimate 
( II. 5p for operators of order m, in terms of the density of eigenvalues in shrinking 
intervals of the form [a* — (3 k , a k + f3 k ), a k — > oo, < (3 k — > as k — > oo. 

Lemma 3.3. Assume that there exist sequences a k — > oo and < (3 k — > as 
k — > oo such that 

OW^rWa* + fa) - N(a k - f3 k )} -> oo, k -> oo. (3.14) 

Lei ^ = «fc + i/3fc and zjj. = e 27U//m (afc — i/3k)- Then we have 

\\{P - (zPD^W a» ^ ^oo, fc^oo, j = l,2. (3.15) 

Proof. In what follows we shall only establish (13. 151) for j = 1, the proof in the 
other case being similar. We shall then write z k = z k . Let us notice that z k E S 
for k large enough. 

By ( 13. ip . we know that for large k, 

\\(i-xw k -i ak +i))°{p-zTy l \\ _^_ _^_ <c, 
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uniformly in k. Thus, we only need to show that 
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|X[« h -l,a h +l) O (P - Z%) || £ _£ 



2n — y oo, k — > oo. 

: (M)->L"-™(M) 



(3.16) 



Let g G C^°(M) be such that £ supp (#) and #(r) = 1 for r G [1/2, 2]. Then for 
large fc, we have 



X[a fc -i,a fc +i) = 9(Q/ak) ° X[a fc -i,« h +i) ° g{Q/a h ). 
Using ( I3.17P and Lemma [3. 1\ we obtain 

||X[a fc -l,a fe +l) ° (P ~ z™)~ /|U°°(M) 

= \\g(Q/a k ) ° X[a fc -l,a fc +l) ° (-P ~ 4T 1 ° ^(<5/afc)/IU»(M) 



(3.17) 



<C"fc 2 \\X{a k -l,a k +l) ° (P - Z k 

< Ca n ~ m 



m\ — l I 



2n 2n 1 1 (Q /a!fc) f 1 1 2n 



m\— ll 



2n 2ra 

L^TTS; (M)-3>L ™~ m (M) 



'fc ||X[a*-l,a»+l) ° \P ~ z . 

Thus, in order to show (13.161) it suffices to check that 



^(M)- 



a 



-(n—m) I 



X[a k -l,a k +l) ° (P ~ Z™) |Ul(M)H-L~(M) ~> OO, k -* OO. (3.18) 



The kernel of the operator X[a k -i,a k +i) ° {P — z™) x is given by 

1 



K(x,y) 



E 



y.j&[a k -l,a k +l) J 



eJx)eJy). 



e have 








— (n—m) 


X[Qfe- 


-l.ttfc+1) ° ( 




> a k 


(n- 


-to) 

sup 




> a k 


(n- 


-to) 

sup 

x6M 



(-P ~~ z k) \l\M)-^L<=°(M) = ri 



k {n m W^ eM |K(x,2/)| 



E 



,ra ~m 



II'"' ~"< 

W e[a fc -l,a fc +l) J fc 



Mx)p 



Im 



/i" 1 -^ 71 



/ ^ I ..m ~m|2 I 1 '-' 



eAx 



>a- k in - m) \Im(-zr)\sup J2 



x&M 



y m\2 \ 3 



eAx) 



I l" h yltt 

H£l a k-Pk,a k +I3k) j k ' 

for k sufficiently large. Writing Y^ 71 = (a& — i(3k) m , we get 

Im (-^ m ) = mfaar 1 + 0{^a^ 2 ) > mfaa™- 1 /2, 



U 



(3.19) 



for k sufficiently large. Using the fact that fij G [a k — (3k, a k + (3 k ) in the last 
sum, we obtain that 



I, .TO _ ,m| 

IP? z fc I 



I,. ~ 1 1 . .ti — l I , ,to— 2„ i i ,, _m— 2 i „m— li <^ r*i a „,to— 1 /o orA 

l/A? ~~ 2 fe I lA*j +Mj z fc H !" ^i z k + z k \ ^ c "k a k > (3.20) 
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for k sufficiently large. It follows from ([3TT3]) . fl3J9|) . ( 13T2Q|) and ( I3TT4J) that 

^ > ^(^ar 1 )" 1 snp £ |e,(x)| 2 

Mje[a fc -/3 fc ,o fc +/3 fc ) 

= ^(MT 1 )" 1 ^^^ + A) - ^ («* - A)] -► oo, 

as fc — > oo. Hence, we get A3.18J) . which completes the proof of (13.151) . The proof 
of Lemma 13.31 is complete. □ 

Notice that the Weyl law, see [6], 

N(a) = Ca n + 0{a n ~ l ), C = (2n)- n If dxd£, 

implies that 

N(a k + l)-N(a k -l) = 0{a n k - 1 ). 

Consequently, to find sequences a k — > oo and 0</3fc— >-0asA;— t-co satisfying 
f)3.14p . we would like to exhibit a situation when the spectrum of the operator Q 
is distributed in a non- uniform fashion, clustering around the sequence a k . 

To verify the assumption (J3.14)) in Lemma I3.3[ we shall need the following result 
concerning the spectrum of Q, when the Hamilton flow of q is periodic, due to 
PI] and [2], see also [$ Theorem 29.2.2]. 

Theorem 3.4. Let Q e ^(M) be positive elliptic self-adjoint operator with 
principal symbol q and zero subprincipal symbol. Assume that the Hamilton flow 
exp(tH q ), generated by the principal symbol q, is periodic with a common minimal 
period T on q~ 1 (l). Then there is a constant C > such that all eigenvalues of 
Q, except finitely many, belong to the intervals I \ := \M'{k-\-j) — ^-^{k-\-j)-\-^-\, 
k = 1,2..., where a > is a constant. Furthermore, the number of eigenvalues 
of Q in I k , denoted by d k , is a polynomial in k of degree n — 1 of the form 



d k = nk n ^T- n ff dxdi + 0{k 

J Jq<l 



To prove Theorem II .21 let Q = P l l m and observe that the subprincipal symbol of 
Q vanishes, see [H Section 1]. It follows from Theorem 13.41 that the assumptions 
of Lemma l3~3l are satisfied with a k = jr(k + f) and C/k < f3 k — > as k — > oo. 
The proof of Theorem 11.21 is complete. 
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